We study an adiabatic evolution that approximates the physical dynamics and describes a natural parallel transport in spectral subspaces. Using this we prove two folk theorems about the adiabatic limit of quantum mechanics: 1. For slow time variation of the Hamiltonian, the time evolution reduces to spectral subspaces bordered by gaps. 2. The eventual tunneling out of such spectral subspaces is smaller than any inverse power of the time scale if the Hamiltonian varies infinitly smoothly over a finite interval. Except for the existence of gaps, no assumptions are made on the nature of the spectrum. We apply these results to charge transport in quantum Hall Hamiltonians and prove that the flux averaged charge transport is an integer in the adiabatic limit.
Introduction
The adiabatic limit is concerned with the dynamics generated by Hamiltonians that vary slowly in time: H(t/z) in the limit that the time scale ~ goes to infinity.
Quantum adiabatic theorems reduce certain questions about such dynamics to the spectral analysis of a family of operators, and in particular describe the way in which the dynamics tends to follows spectral subspaces of H(s). s = t/z is the scaled time. A folk adiabatic theorem states that if H(s) has energy bands bordered by gaps, as in Fig. 1 .1, then a system started at t = 0 in a state corresponding to an energy band bordered by gaps of H(O), wilt at time t, be in a state of the corresponding energy band of H(s). If, in addition H(s) is infinitely differentiable and s varies over a finite interval, a second folk theorem states that asymptotically the tunneling out of such an energy band is exponentially small in z. (For Hamiltonians that are k times differentiable, tunneling is bounded by a power of 1/~.) Both folk theorems emphasize the importance of the gap condition and both make no assumptions on the nature of the spectrum in the energy bands. In contrast, most of the proofs of quantum adiabatic theorems do make additional spectral assumptions. Indeed, the earliest results were obtained for finite dimensional, self-adjoint and non-degenerate matrices. In the general case there are two essential complications. One is that one deals, in general, with unbounded operators and the second that the spectrum need not be discrete. Unbounded operators introduce technical difficulties. More complicated spectra, on the other hand, introduce a new element.
We shall prove the adiabatic theorems in their natural "tblk" setting. We shall, of course, impose technical conditions on the Hamiltonians so as to guarantee the existence of unitary time evolution. Our main tool is an "adiabatic evolution" which we introduce and study. Adiabatic evolutions define parallel transports associated with the bundle of spectral subspaces of the physical Hamiltonian. However, geometric considerations alone do not determine a unique evolution. It turns out that the requirement that the "adiabatic evolution" approximates the physical evolution "as best as possible" determines it uniquely. This is the evolution generated by:
HA(s, P) =-H(s) + i/z [P'(s), P(s)].
(1.0) P(s) denotes the spectral projection on the appropriate energy band of H(s). Note that HA(s, P) is formally setf-adjoint ifH(s) is. It is formally a 1/z approximant of H(s). Furthermore Ha(s , P)=Ha(s , Q); in particular HA(S, 1)= HA(S, 0)= H(s).
Kato introduced the concept of adiabatic evolution in (8) which is the generator of adiabatic evolution one commonly finds in the literature [3, 21, 25] . From a geometric point of view this is a particularly nice choice, for the hotonomy associated with it is purely geometric. (This will be discussed elsewhere.)
The history of adiabatic theorems in quantum mechanics goes back to Born and Fock [4] who proved in 1928 an adiabatic theorem for H(s) bounded with
